Abstract. Hyperfluid model is constructed on the basis of its action entirely free from external constraints, regarding hyperfluid as a self-consistent classical field. Intrinsic hypermomentum is no longer a supplemental variable given by external constraints, but purely arises from the diffeomorphism covariance of dynamical field. Field-theoretic approach allows a natural classification of hyperfluid on the basis of its symmetry group and corresponding homogeneous space; scalar, spinor, vector, and tensor fluids are introduced as simple examples. Apart from phenomenological constraints, the theory predicts the hypermomentum exchange of fluid via field-theoretic interactions of various classes; fluid-fluid interactions, minimal and non-minimal SU (n)-gauge couplings, and coupling with the metric-affine gravity are all successfully formulated within the classical regime.
Introduction
Fluid is typically employed as a macroscopic model of matters in the universe, providing one of fundamental pieces to spacetime structure via gravity-matter coupling. Increasing interests to go beyond the standard gravitational scenario motivate extensions of the known fluid concept. Spin fluid in the torsion universe (U 4 ) of the Einstein-Cartan theory is one of such attempts, which had been studied on the line, at first, of the singularity avoidance or an alternative inflationary scenario of the early universe [1, 2, 3] . Gauge-theoretic reformulation of the spacetime geometry [4, 5, 6 ] encouraged scientists to go one-step further; the hyperfluid [7] , fluid endowed with the hypermomentum, gives appropriate coupling charges to the metric-affine gravity.
Although such a deep reconsideration from modern geometrical viewpoint appears strongly attractive to classical physics, the hyperfluid model still remains on the status of the phenomenology; fluid is no more than an approximation of the low-wavenumber mode of underlying manybody system, losing true benefit from the geometrical reconstructions of the spacetime. In conventional formalism [7, 8, 9, 10, 11, 12] , these phenomenological interpretations may be cast into constraints of two types. One is the Lin constraint [13] which restricts the motion of coarse-grained properties such as mass, charge, or intrinsic hypermomentum onto the convection. The other is the Frenkel condition on the intrinsic hypermomentum, which further restricts the degrees of freedom originally allowed by the space-time symmetry, regarding the hyperfluid as assembly of microscopic objects. Whereas reflecting proper phenomenological interpretations, these conventional constraints strictly regulate the degrees of freedom, giving fluid's motion by external constraints rather than by internal structure of free Lagrangian. Indeed, there are careful observations by pioneers, where they recovered the lost symmetries by weakening the Frenkel condition [10, 11, 12] . Revisiting these facts, it may be naturally motivated, from the viewpoint of field theory, to explore the hyperfluid model totally based on symmetries, which would bring about the true extension of the known fluid concept at least in the classical regime, and the conventional hyperfluid models seem to be on a transient state.
The objective of this paper is to construct the theory of hyperfluid totally on the basis of symmetries inside its action. The resultant theory now defines the hyperfluid as a self-consistent classical field, where we do not rely on any external constraints. Especially, the hypermomentum convection arises from the diffeomorphism covariance of action, regarding the diffeomorphism covariance of fluid as a gauge symmetry. Apart from phenomenological descriptions, the hyperfluid acquires the potential to have fundamental interactions; fluid-fluid coupling, SU(n)-gauge coupling with non-minimal interaction, and coupling with the metric-affine gravity are all successfully formulated.
Action of fluid
Our action principle has its roots in the formulation of Ref. [14] . We begin with the flat spacetime (R 4 ) of the metric-signature diag(+, −, −, −). Only a multiple-component field φ I (index I represents its components) and a vector w (Taub's current [15] ) are sufficient field variables of our fluid. Here we define the Lagrangian density as a real function P (Dφ I , W) of Dφ I (≡ w ν ∂ ν φ I ) and W(≡ −w ν w ν /2). The Euler-Lagrange equations read
where σ I = ∂P/∂(Dφ I ) and τ = ∂P/∂W. Taking the gradient of P and using Eqs.
where the Lagrangian density P , a normalized vector u(≡ w/|w|) (u α u α = 1), and ρ(≡ −2τ W − P ) can be identified with the pressure, velocity, and mass (Time-like condition w ν w ν > 0 is fulfilled by defining the function P (Dφ I , W) in the domain W < 0). The action has the symmetry under the shift φ I → φ I + const., which leads to the convection currents |w|σ I u µ without imposing Lin constraints [14] . The Euler equation (2) identically holds for arbitrary component number of φ I , which allows fluid to couple with various symmetry group of arbitrary dimensions. In this paper, we impose the symmetry under the diffeomorphism group, where the hypermomentum naturally appears as corresponding Noether charge.
Global Symmetry
Here we consider the symmetry of action under non-degenerating global transformation of the linear coordinate frame given by
where ǫ µ and ǫ µ ν are arbitrary infinitesimal parameters. Transformation (3a) forms the affine group in a global sense, where the Poincaré group is generated when ǫ µ ν is antisymmetric. Σ µν is the transformation generator whose anti-symmetric part generates the Lorentz transformation. The remaining dilatation and shear transformations require the metric (g µν ) to globally transform, so the action may be written as
being constant in spacetime. The symmetry under Eqs. (3a)-(3b) yields the corresponding two Noether currents; the canonical energy-momentum (T µ ν ) and the total hypermomentum which is split into orbital (T ρµ x σ ) and intrinsic parts (∆ ρσ·µ ):
Eq. (4b) explicates that the fluid carries the hypermomentum density as a convective charge. Thus, the hyperfluid is obtained by imposing the global symmetry under Eq. (3a) which forms a subgroup of Diff (4, R). Also note that hypermomentum does not give any modification to T √ −g (the metrical energy-momentum tensor ) generalizes the known Belinfante-Rosenfeld tensor [4] . Following Ref. [4] the hypermomentum current is split into the spin, dilatation, and shear currents (traceless proper hypermomentum), which is given in this order by
In case of the free hyperfluid, canonical energy-momentum tensor T µν is always symmetric as Eq. (4a), which yields, using the Belinfante-Rosenfeld relation, S ρσ·ν ,ν = 0, where the spin current independently conserves while the dilatation and shear currents may interact with the orbital part.
Classifications
Explicit form of Eq. (4b) varies with respect to each generator Σ µν , which allows us to classify the hyperfluid. If φ transforms as a scalar multiplet, the fluid has no intrinsic hypermomentum. We may call this as the scalar fluid, which defines an ordinary fluid without hypermomentum. If φ transforms as a spinor (spinor fluid ), we write the Lagrangian density as P (Υ, W), where Υ ≡ (Dφ) † γ 0 Dφ and its conjugatē
which only contains the spin current [16] ; the spinor fluid defines a pure spin fluid free from the dilatation and shear currents. Here γ µ is given by e µ a γ a using the Dirac matrices γ a in the orthonormal-frame representation (g µν e 
which now contains the spin, dilatation, and shear currents. Further generalization is made by letting φ µν··· to be a tensor (tensor fluid ), where Eq. (4b) reads
Unlike the conventional models [1, 7, 8, 9, 10, 11, 12] , we do not need the dynamical equation for ∆, but ∆ is directly calculated from φ I and w µ obtained from their EulerLagrange equations (1a)-(1b).
Charged hyperfluid
Charged hyperfluid is defined by imposing SU(n) symmetry on φ I , which is conducted by rewriting the Lagrangian density as P (Υ, W) with Υ ≡ (Dφ I ) † Dφ I . Local symmetry requires Dφ
µ is the gauge-covariant derivative (e, t a , and A a µ are the coupling constant, generator, and gauge field). Now φ I is the SU(n) multiplet, where the index I is left to represent the components of either spinor, vector, or tensor. Symmetries under SU(n) and Eqs. (3a)-(3b) yield the following two Noether currents: , where Θ F and T F are metrical and canonical energy-momentum tensors of fluid, so quasi-conservation of ∆ is closed in the fluid; charged hyperfluid of the minimal-coupling does not exchange its total hypermomentum with that of gauge field. Especially, since Θ F and T F are both symmetric tensors, fluid's spin conserves thereby S ρσ·ν ,ν = 0; the minimally-charged hyperfluid is free from spin-orbit interaction. Thus, the spin-orbit interaction requires the non-minimal coupling; the prototypical sector ∝ F µν S µν of Refs. [3, 9, 19, 20] expresses the magnetic-moment proportional to the spin density, while such an interpretation is valid only when the hyperfluid is constituted of spinning dusts or Dirac Fermions. In the present model, we do not presuppose such underlying system, but the hypermomentum (4b) purely arises from the symmetry of field φ I itself, and thus the conventional spin-orbit interaction does not necessarily hold. Also note that the conventional S µν cannot couple with the non-Abelian field strength F µν a because of its lack of the generator index a.
Let us consider an alternative non-minimal coupling which does not contain the derivative term D ν φ I of the minimal coupling. In order to make a proper coupling with the field strength F 
Then we may have the following model:
where χ a µν is interpreted as the magnetic moment based on SU(n) symmetry, ξ is a coupling constant. In this model, fluid's intrinsic hypermomentum is still given by Eq. (8b). Then ∆ ρσ·µ satisfies
where non-vanishing right-hand side acts as the source or sink of the hypermomentum, representing the exchange of the intrinsic hypermomentum with the Yang-Mills field; not only spin, but also the dilatation and shear currents now couples to Yang-Mills field via the magnetic moment χ a µν . Taking the antisymmetric part yields
where fluid's spin does not conserve because of the SU(n)-magnetic moment.
Fluid-fluid interaction
Regarding φ I as the fundamental field variable of the theory, we introduce interactions between hyperfluids on the basis of it. Consider two spinor fluids ( 
where spin of fluid 1 does not conserve. Using anti-symmetry in the labels 1 and 2, we immediately reach the total-spin conservation: 
where the shear and dilatation currents are exchanged between the vector and tensor fluids while the spin current is shared by all the types. Using Eqs. (5)- (7) and field equations, we reach ∂ ν (
Local Symmetry
So far, our discussions remain in the global symmetry under the transformation (3a) in a flat spacetime R 4 . Now we are prepared to go for the local symmetry on the curved spacetime (L 4 , g). Local symmetry under Diff (4, R) requires the derivative to be covariantly modified; providing φ I is an orthonormal-frame representation, it means
, where the spin connection ω µ·ab is introduced as a gauge potential. Now the orthonormal frame e 
where
[µν]·ρ ) and Q µ·νρ (≡ −∇ µ g νρ ) are identified as the torsion and non-metricity. The fluid sector reads
where D ≡ w µ ∇ µ and W ≡ − 1 2 w µ w ν g µν . Following Refs. [22, 23] , we take g µν and Γ µν·ρ as the independent gauge potentials whose variations yield the following coupling charges [24] :
Levi-Civita connection). These charges are to be coupled with each field strength of the gravity sector. The variations by the fluid's variables (φ, w) read
which describe all the properties of our hyperfluid, while more intuitive picture may be obtained from the Euler equation; taking the gradient of P (Υ, W) and using Eqs.
where the Riemann-Christoffel curvature is defined in this paper by R
In contrast to the conventional models, Eq. (20) expresses very simple dynamics; only the Mathisson-Papapetrou force appears as the modification from the intrinsic hypermomentum, which is solely because the action (17) only contains the minimal coupling of Diff (4, R) gauge and free from any external constraints, providing an example of pure diffeomorphism-gauge theory. Further gauge coupling can be immediately incorporated. Local SU(n) × Diff (4, R) symmetry imposed on φ I requires the covariant derivative
where J ν a and S ρσ·ν are charge and spin currents given by Eqs.(8a)-(8b). Likewise, the present formalism always yields the Euler equation purely coupling with the gauge forces of corresponding symmetries, which is exactly due to the entire release from external constraints.
Finally we shall mention another gauge-gravity formalism based on GA(4, R) [6] , where general transformation in the tangent bundle is taken as further gauging property, allowing the active interpretation of local translation, spin, shear, and dilatation of the frame. The vector and tensor fluids can be successfully formulated in GA(4, R) framework leading to an identical set of equations to Diff (4, R)-based theory, while the spinor fluid should be generalized by replacing the spinor with the spinor manifield [6, 18] .
Conclusion
In this paper, hyperfluid was defined by its own right with its action free from any external constraints, regarding the hyperfluid as a self-consistent classical field. Discarding the phenomenological interpretations based on any underlying systems, the intrinsic hypermomentum is no more an additional variable accompanied by Lagrangian multipliers, but it naturally arises from the diffeomorphism covariance, which defines a pure diffeomorphism-gauge theory of the perfect fluid. It should be emphasized as a remarkable advantage that we only need to solve φ I and w µ , and the other fluid's properties such as the hypermomentum and charge currents are all calculated from them through Eqs. (4b), (8a), and (8b). It is worth comparing the present formalism with those of Refs. [19, 21, 25] , where Lie-group elements of required symmetries perform as their field variables; each conservation law requires elements of associated symmetry group. In contrast, φ I in the present formalism belongs to the homogeneous space of the corresponding group on which we impose all the group symmetries at once. Indeed, we have shown that local SU(n) × Diff (4, R) symmetry imposed on φ I successfully yields the gauge theory of the charged hyperfluid in Eq. (21). Also we shall notice that the group symmetry alone does not specify the hyperfluid, but each representation φ I of the same group symmetry results in a different hyperfluid, such as the scalar, spinor [26] , vector, and tensor fluids, each of which has its possible class of interactions. In this classification, the ordinary fluid (the scalar fluid) can be understood as the hyperfluid with no hypermomentum; our hyperfluid model gives a natural generalization of known fluid concept.
Release from the external constraints enables the intrinsic hypermomentum to play more active role in interactions; SU(n)-gauge theory, interaction between fluids, and the metric-affine gauge theory were examined where hypermomentum exchange is successfully described on the basis of the field-theoretic interactions, suggesting that the hyperfluid can be studied as a self-consistent field at least in the classical framework. Free from the phenomenology trivially imposed by any external constraints, non-trivial phenomena may result from our self-consistent formalism. Indeed, regarding the charged hyperfluid, we have shown a possible model of non-minimal coupling using the SU(n)-magnetic moment χ a µν . Note that the magnetic moment χ a µν of Eq. (9) is not constrained to the spin density ∆ [µν] .0 and is even able to exchange the dilatation and shear currents (see Eq. (11)). This may be understood as further generalization of spinorbit interaction, where intrinsic dilatation and shear currents may cause dilatational and straining flow.
The removal of constraints further enhances the potential of the theory. It has been recently shown by Ref. [14] that the natural symplectic structure is obtained by discarding the Lin constraint. Such a fundamental modification at the classical stage offers the first step to the canonical QFT of fluid in the generalized spacetime geometry.
